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Collision integrals of the linearized Waldmann-Snider collision operator for pure gases are
defined. General properties due to invariances of the molecular interaction are discussed. Effective
cross sections are introduced and expressed in terms of convenient bracket symbols. The positive
definiteness of the relaxation coefficients is proved. The approximation of small nonsphericity for
the scattering amplitude is explained and consequences for the collision integrals are investigated.
Molecular cross sections describing the orientation and reorientation of the molecular rotational
angular momentum are defined. Expressions for effective cross sections relevant for the various
nonequilibrium alignment phenomena are presented.

Introduction

The kinetic theory of dilute monatomic gases is
based on the classical Boltzmann equation. Collision
integrals of the linearized Boltzmann collision term
determine the magnitudes of the transport coeffi-
cients, e.g. heat conductivity and viscosity !. The
kinetic theory for dilute gases of polyatomic mole-
cules is based on the Waldmann-Snider equation 3
which treats the internal rotational degrees of free-
dom of a molecule quantum-mechanically. The dis-
tribution function obeying the Waldmann-Snider
equation depends on the operator Ad of the rota-
tional angular momentum as well. As a consequence,
collision integrals of the linearized Waldmann-
Snider collision operator determine not only the
magnitudes of the scalar transport phenomena in
molecular gases (heat conductivity, shear and bulk
viscosity) but, in addition, the magnitudes of all
tensorial phenomena, i.e. phenomena linked with a
partial alignment of the rotational angular momenta.
Such typical effects are for pure gases: Flow bi-
refringence *, heat flow birefringence?, depolarized
Rayleigh light scattering %, alignment phenomena in
atomic vapors?, nuclear spin relaxation®, electric
polarization caused by a temperature gl‘ac]ienl”,
and, finally, the Senftleben-Beenakker effect !9, i.e.
the influence of external magnetic and electric fields
on the transport properties. In binary gas mixtures,
diffusio birefringence '' and electric polarization
caused by a concentration gradient® can occur in
addition.

Reprint requests to Dr. W. Kohler, Institut fiir Theoreti-
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The Waldmann-Snider collision operator con-
tains the binary scattering amplitude and its adjoint
in a bilinear way *? which is, however, not a dif-
ferential cross section. This scattering amplitude is
still a matrix with respect to the degenerate rota-
tional states. It is connected with the nonspherical
intermolecular potential by the Lippmann-Schwin-
ger integral equation. The collision integrals linked
with the occurrence of the tensorial phenomena are
determined by generalized molecular cross sections
which describe the production and the decay of the
angular momentum polarizations produced in a non-
equilibrium situation. These orientation- and re-
orientation cross sections vanish for a purely central
molecular potential. Thus they can give information
on the nonspherical part of the interaction.

In practice, the scattering problem with a non-
spherical potential can only be solved within some
approximation. If the nonspherical part of the inter-
action is small compared with the spherical part the
distorted wave Born approximation® (DWBA) can
be used. Here, the scattering problem governed by
the spherical potential is solved exactly, the non-
sphericity is then treated in a first order perturba-
tion theory.

In the last years several authors have directed
their attention to the calculation of Waldmann-
Snider collision integrals for diatomic diamagnetic
molecules. Th= “nonspherical” scattering amplitude
and its relevance for certain collision integrals has
first been studied by Hess and Kéhler ' for ener-
getically elastic and by Kohler, Hess and Wald-
mann '* for inelastic molecular collisions in DWBA.
Formal expressions for relaxation coefficients for
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particles with spin and approximate relations (on
the basis of the scattering amplitude of Ref. 1) have
been obtained by Hess and Waldmann %, Calcula-
tions of two collision integrals for HD at room tem-
perature have been reported by the author'”, They
were followed by a paper concerning the calculation
of the collision integral determining the magnitude
of the Senftleben-Beenakker effect of the heat con-
ductivity for p—H, at room temperature '3, In both
cases simple models of nonspherical potentials have
been used. General procedures for the evaluation of
Waldmann-Snider collision integrals in DWBA, in
particular for high temperatures, have been stated
by Moraal and Snider ' and, in more detail, by
Chen, Moraal and Snider*'. Formal and approxi-
mate expressions for a number of collision integrals
and various kinds of nonspherical potentials have
recently been given by Moraal ?!. The same author
also considered collision integrals for the quadru-
pole-quadrupole interaction * and presented results
for transport- and relaxation coefficients for mon-
atomic spin 1/2 gases ®*. Expressions for effective
orientation and reorientation cross sections for the
tensor polarization of ?Py-atoms in Born approxi-
mation have been obtained by Kohler and Hess 7.
Finally, the kinetic theory calculation of the NMR
relaxation time of dilute *He gas of Shizgal ** should
be mentioned.

The present work is the first of three papers
mainly based on the author’s thesis entitled “Trans-
porterscheinungen in Gasen aus linearen Molekiilen
im dulleren Magnetfeld und nichtsphérische inter-
molekulare Wechselwirkung”, Erlangen, January
1971. In it, Waldmann-Snider collision integrals for
pure gases are considered. General properties fol-
lowing from rotational-, parity-, and time reversal
invariance of the interaction are discussed. Effec-
tive cross sections are introduced and expressed in
terms of convenient bracket symbols. The positive
definiteness of the relaxation cross sections is proved
and the “spherical approximation™ is discussed. For
the relaxation cross sections of J-multipolarizations
and the coupling cross sections molecular cross sec-
tions are introduced which describe the orientation
and reorientation of the rotational angular momen-
tum. They are essentially connected with the non-
spherical part of the interaction. Expressions for
the special effective cross sections linked with the
scalar and tensorial phenomena mentioned above
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are given. Their relation to experimentally ob-
servable quantities is briefly reviewed.

A second paper is concerned with the calculation
of the scattering amplitude and the cross sections
for linear molecules. A third paper will deal with
the collision integrals occurring in the kinetic theory
of mixtures of dilute gases 23,

I) Definition and General Properties of the
Collision Integrals

1) Definitions

The temporal development of the distribution
function f* for molecules in the rotational state j,
is governed by the Waldmann-Snider equation 2,
The superscript j; shall indicate that fii is a
(2j,+1) % (2j;+1) matrix with respect to mag-
netic quantum numbers. With the help of the opera-
tor

Pi=3|jm){jm| (1.1)
m

projecting on molecular states with rotational quan-

tum number j, a distribution operator f/ is generally

defined by
fi(t,x,e) =Pi f(t,x,e,d) P!, (1.2)

where the distribution operator [ depends on the
operator (in units of &) J for the rotational angular
momentum as well. If @ denotes the deviation of
the distribution operator from the equilibrium dis-
tribution f; according to

f=f(1+92),

the linearized Waldmann-Snider equation in the
absence of external fields is

9P /3t+e 3P Ix+ w(P)h=0. (1.4)

In Eq. (1.4), @w(®)/ is the linearized Waldmann-
Snider collision (super-)operator. given by

(1.3)

f.;((IJ)L = ‘.‘;‘ tr;]fdsc-_’fﬂ] [ : rfajxj:-jx‘flz'

l-'— I.l';-.r’:

(D 4 D) @i i1 j:g’ dze’ — [aliisdid: (0)

1My,

((I)‘L I (])21;:) s (([Jlf + fpgf-z) aff-l.l;:'jlf.: (O)]}_ (I_S)

In Eq. (1.5) the abbreviations

P! =PI & (1,x,¢,J)PI', i =PI b (1, x, €, I} P!
(1.6)



W. E. Kohler - Waldmann-Snider Collision Integrals and Nonspherical Molecular Interaction

have been used. The equilibrium distribution f, is
given by

folesj) =ng Q71 (m[2 7 ky Ty)3*
met  E(j) -
2hyTy kT, } (1.7)

where n is the equilibrium particle density, Q is the

" exp

rotational partition sum and
E(j)=%*j(j+1)/20

is the rotational internal energy of the linear mole-
cule with moment of inertia @, The trace over mag-
netic quantum numbers in (1.5) has been denoted

(1.8)

LT ] i1 g
0

where the wave vectors i kK =m,> g etc. have been
introduced (m,, is the reduced mass). The scat-
tering amplitude a/+/=7'7" (k, k') must again be
understood as an abbreviation

ahl: 00 (K, k') = Phi:q(k, k') PV (1.10)

where P/ii:=Pii Pi: is the corresponding two par-
ticle projection operator. The scattering amplitude
a(k,k’) is proportional to the matrix element be-
tween momentum eigenstates of the more familiar
T-operator 13

My

a(k, k’) = = 2—‘Iﬁ2

(kT K), (111)
which is connected with the interaction potential V'

via the Lippmann-Schwinger integral equation !?
T=V+V(E-Hy+in)'T. (1.12)

In (1.12), E is the total energy, H, is the free
particle Hamiltonian and (E— H,+i%) ! denotes
the Green’s function for outgoing spherical waves at
infinity. For the calculation of T in a reasonable
approximation it is referred to the second paper.

The linearized Waldmann-Snider equation can be
transformed into an (infinite) set of coupled dif-
ferential equations (transport-relaxation-equations)
by use of the moment method 5 26, For the applica-
tion of the moment method, @ has to be expanded
in a complete set of orthonormal irreducible tensors
built up of the molecular velocity € and the rota-
tional angular momentum J':
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by “r”; g=ge=¢, ¢, is the relative velocity
after the collision, g'=¢ e =¢,"—e," before the
collision. The most important quantity is the binary
scattering amplitude a/i/=1'7 (e, e’,g) which de-
scribes a transition j,"+j, — j; +j» in rotational
quantum numbers and is again a matrix with re-
spect to the magnetic quantum numbers. The scat-
tering amplitude in forward direction e =€ (angle
of deflection in the c¢. m. system 1 =0) is denoted
by a(0). Due to the conservation of normalization
and the completeness of free particle states (unitarity
of the S-matrix), the scattering amplitude obeys the
optical theorem

[aj:js-fxfz (0) —agtivisdiie (0)] = 2 fafx;iz-iil’f:' (k, k’) at I e (k5 k’) g’ dze’
=Z fa+jljﬁ'jl,j=, (k’! k) ajx’.":’:fl]‘: (k” k) g’ d?e’ g

(1.9)

2l (6 x) BT (€, )
(1.13)

In Eq. (1.13), [ is the tensor rank and P is the

parity. The expansion tensors are orthonormalized

according to

(q,tm-) DLPE) Yo = 8, OFF oKk Aﬁf...m,v;...s-x ;

M1l it

e

D(t,x,e,d) =2

P=%1l=

I
=

(1.14)

where (--+), denotes an equilibrium average and
Aﬁfl)mm‘..lmp, is an isotropic tensor which projects out
the symmetric irreducible part if applied to an arbi-
trary I'" rank tensor. For properties of this tensor
see Reference ®7. If the expansion (1.13) is inserted
into Eq. (1.4), if the result is multiplied with a
special expansion tensor @Y, . and if the equi-
librium average is taken, one obtains the well known
moment equations % 26, We are interested here only
in the collision term which is determined now by
the matrix elements of the collision superoperator

defined by
(BER, o (BIEEN ) (3-15)

Haeanfil
1 P o
T ok PE)
= . E try j d?¢; f10 (p.sq...i“ ‘” ((ﬁ(vi___w,]h .
0 i

2) Properties Following from Invariances

Since @5 and o (P T*)) are hermitean oper-
ators, the m-matrix elements are real. Due to the
rotational and parity invariance of the scattering
amplitude the matrix element Eq. (1.15) can be
factorized into a product of an isotropic tensor and
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a reduced matrix element (Wigner-Eckart theorem)
which vanishes unless both tensors ®,"% and
@ ') have the same tensor rank and parity
Pk et J e kk’ I
( (I);u...,)u( f"(q)s'f.'..kﬂ! )D = 6!!" é!l ”J‘Pi ’ 'Jns'l}“-f”-"l"-'ll *
(1.16)

The reduced matrix element W%’ — in the follow-
ing always called collision integral — can then be
obtained by a total contraction over the [ tensor
indices (in the following abbreviated by a dot)

)

w1

) 3 -]-
L 2141 (1.17)

(‘I’z“)k“ o (PR Jo
The time reversal invariance of the molecular inter-
action guarantees the following Onsager symmetries
of the collision integrals (the proof is completely
analogous to that in Ref.?® and is thus omitted

here) :

‘U(I.E‘ik') — TR T) ")&5}'“ , (1.18)
where T, T*) — +1 whenever ®,%, & /K js
even or odd under time reversal.

If @/ is a “classical” expansion lensor, i.e. pro-
portional to the unit matrix in rotational angular
momentum space and thus commuting with the scat-
tering amplitude matrix, the optical theorem Eq.
(1.9) can be applied to Eq. (1.5) to give

(')(él‘]:lss) = z trgfds(':! !20 Z faf‘lj:-."x'j':’ aletf.:"jlf.:
Js i

AD g d2,  (1.19)
where
AP =P (e, ;) + P (€,.])
—® (¢/.j)) - ®(e,).j)). (1.20)

If @ represents a collisional invariant
[P =1,me,tmc2+E())]

one has 1®=0 and the corresponding collision
integral vanishes.

’ 1 <

k) 2-520-2 S

e 221+1) " € 2
FAVEY W E

11)(”')-'1-[ flj:-fx'.i:'lb(‘_':“")fn'j*’ 'il'i.“'.ihi:”’ 2 '_ jljl.r i:.'.:'
X Py WJa 127 a 7 dve ’
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II) Evaluation of the Collision Integrals,
Cross Sections

1) Reduced Variables, Eflective Cross Sections,
Bracket Symbols

For the further evaluation of the collision inte-
grals (1.17) it is useful to introduce first dimen-
sionless velocity variables by

V=VmlkyTy(€,+€;) =Vm[ky Ty (e, +¢€,),
(2.1)
which is a dimensionless center of mass velocity,
and
‘=tg e Vm/ky Ty, v=tgeVm/kyT,, (2.2)

which are dimensionless relative velocities before
and after the collision. The energy conservation in a
molecular collision process j,"+ j,'— j; + j» is then
expressed by

y2=9y2+de (2.3)
where
Ae=e(jy) +(ja) —€(iy) —e(jy) (2.4)
and
e(j) =E(j) [kn T, (2.5)

is the dimensionless rotational energy. Using Egs.
(1.7), (2.1 — 5) we obtain

frofop PeydPes =ng? Q 2a % exp (V3 (2.6)
cexp{ 12— e(j) —e(ja)} BV derdy .

If furthermore a thermal velocity v, is introduced,

(2.7)

the collision integrals can now be factorized as fol-
10\\1'5:

(7%

L I 4
o (kk")

=g Uy Opy (2.8)
The o'%f") are effective temperature dependent cross
sections which are (for k" + k) not necessarily posi-

tive. They are, in general, given by

trytry [ffexp{— 72} exp{— 12— ¢(jy) —£(ja)}

h

EMys

(2.9)

w [ahie=ii: () DYLEVe — @{EF gt ivisdiie(0) ] }d3V d2e y2 dy ,

where the abbreviation
DL = SO | s

has been used.

For further reduction of the somewhat lengthy
expression (2.9), the following bracket symbols are
introduced:

(o Y=a32fexp(—V2)(---) BV, (2.10)
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which denotes an averaging over the center of mass
velocity and can always be performed explicitly
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sional rotational quantum numbers j," and j,". Note
that the ,-imegralion has to be performed such that

since the scattering amplitude does not depend on
V. If we make use of the fact that after evaluation
of the V-integration and of the spin traces the re-
maining scalar expression can depend on the unit
vectors @ and € only by way of the scalar product
e-e —cos? (¥ is the angle of deflection in the

always 7',y are positive.
2) Relaxation Cross Sections

If k=k" the collision integrals are called relax-
ation coefficients. The pertaining effective cross sec-
tions are the relaxation cross sections. Their positive

s m.2 sy;t:em) we can_,ﬁna‘lll_v reduce the intfegr:‘al definiteness can be shown as follows: In the loss

14 e(-:l €... to 8a*[sinddd... Then it iS term of the collision operator Eq. (1.5) the com-

convenient to define another bracket symbol by bination

[-]=2a0Q2 (2]1-!-1) (2j,+1) (2.11)  a(0) ‘I’{é}h (‘P"”n'.(()]t [a(0) —a(0)] @}.ﬁ“

ivis :'l ) i ¢(.{,‘H N 2.12
s [fexp{—92—¢(j)) —¢(js) } 3 () sin? dd dy, +La(0)%, Pl ( )
' . ' . occurs, Since
which describes a weighted averaging over y and tr try [RUP - [2(0)", L] 10,  (2.13)

the postcollisional rotational quantum numbers j,, j»
as well as an integration over the solid angle
(2asin? d}) and a summation over the precolli-

and the optical theorem Eq. (1.9) (the first equa-
tion) can be used one finds

" 2 v 1 Ty sz gl
(k) L. try try D PRy ghria i B t ¢(I“ Wlsshle .14
=i ly @ihrD @han) T ry [/ a ‘La’, 1- ] [ (2.14)
where the generalized commutator has been defined by
[a, ®EP] il = ghleii iz (B, PRI 4 By (PRIY _ (B, (PRI 4 &, POy giiderii' i (2.15)

By use of the second equation of the optical theorem (1.9) in the loss term an expression similar to Eq.
(2.14) is obtained. If in this expression primed and unprimed quantities are interchanged in the loss term
one finds with 3"dy’ =y dy an alternative expression

ok = _ 2 {Z‘_ R
21+1 | » (2j1+1)f2j-_1+1)
Renaming the indices 1<— 2 in Eqgs. (2.14), (2.16) and adding the four expressions for o(ﬁf) leads fi-
nally to the following expression for the relaxation cross section

) 1 [ v 1
opr = e LT ER L
2(21+1) Ly 2j+1)(2/;+1)
which obviously is = 0.

- try tr, [P, @] i i« @YERINR gtic i his] } . (2.16)

trl lrﬂ[[a,(b( )] Ivdady iz l[a Q(P’U] +jl'j='-j1j:] } (2.17)

3) Coupling Cross Sections

The name “coupling cross section” will be used if ®,7*) is a classical expansion tensor and ®,"% is
a quantum mechanical one or vice versa. Because of the Onsager symmetry Eq. (1.18) only the first case
has to be considered. The coupling cross sections are of crucial importance for the occurrence and the
magnitudes of all nonequilibrium alignment phenomena in gases mentioned above. In this case ®,*)
commutes with the scattering amplitude and the first version of the optical theorem Eq. (1.9) can be
applied yielding

(k") 2 ¥~ 1

== - — - ——— _I @ 'P""‘.\-[ irs YEYIw fjl‘j:‘-i(.’:Q (PE)j,
TP 9001 |y (2j,41) (2/,+ 1) (FHirtry try [a = (]

(2.18)

Since the trace of any quantum mechanical expansion tensor vanishes, the part of the scattering amplitude
which is independent of the magnetic quantum numbers (“spherical part”) gives no contributions to the
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cross section (2.18). The coupling cross sections are thus essentially connected with the nonspherical part
of the molecular interaction.

4) Molecular Cross Sections and Scattering Amplitude in the Approximation of Small Nonsphericity

The notation can still be simplified and the underlying physics made clearer by introduction of molecular
cross sections within the bracket symbol (2.11). An important special case for the relaxation cross section
(2.17) appears if @,'"% is a classical expansion tensor. In this case one has

[CI, @(1‘5,5‘)] _f: fadi i — _ a,i:.'-rj:’i:‘ A q)r"""‘ 3 (2_19)

with A®,"% given by Equation (1.20). It is now useful to introduce the molecular cross section
’

; & A e T
alq, 7. wiF 3 . e = - e - iry try a.?::':-fld.r’:' a*]l'f:'-fn.ft 2.20
J1]2- 11 ].’) ¥ (2]1+1)(2]2+1) 1 _[ ] ( )
which is equal to the “unpolarized” differential cross section for the time reversed molecular collision
process j, +js— j, +j, averaged over initial and summed over final magnetic quantum numbers. With
(2.20), the corresponding relaxation cross section can be cast into the simple form

1 ;
(k) _ {6 AD,PH. 4 D PO c
P 50214 1) il ! (PR} (2.21)
Equation (2.21) represents the Wang-Chang-Uhlenbeck-de Boer (WUB) form of the relaxation cross sec-
tions 2 and remains also valid for "+ k if both expansion tensors involved are classical ones.
In the approximation of small nonsphericity (first order DWBA, see paper 1I) the scattering amplitude
malrix is written as

aini:-jl‘j:’ = an leli:{_sjlfl’ é]:.’: _}_galha’.rj]'j:’ . (2_22)

where @ is the part of the scattering amplitude due to a purely spherical interaction potential (only ener-
getically elastic collisions without change of magnetic quantum numbers are possible), and a,/i//=7'7 is
the part of the scattering amplitude matrix due to the nonspherical part of the interaction. The scaling
parameter ¢ measures the nonsphericity of the interaction if ;| is considered to be of the same order of
magnitude as '@, . In the so-called “spherical approximation” only terms independent of & are retained,

|2

- . |
i. e. one has with 6, = aq,|*

try try [[a, ®EP) DtV < [q, BEP) VT iz ] = §hly §izle try try [ AP, PRIz A D (PRL] g,
+ terms at least of O (e) . (2.23)
Since tr; tro[a,/17=/17:] =0 (see paper II) one has in particular in Eq. (2.20)
0 (jydas i J2) =09 05,5 011y + O () (2.24)
and, of course, a corresponding relation for the effective relaxation cross section. The effective relaxation
cross sections in spherical approximation (denoted by the subscript “;™ at the lower left)

T3 1 - ] Ao 3 L E A
= 7 - - > ¢ 'P‘""ha":-.’ ¢ (PR j1]s - 20
00 Pl 2020+1) { 0y (2j1+1)(2f2+1) lrilr_[d I 1P, 11 e (2.25)

(the subscript “el” refers to energetically elastic collisions, i.e. j," = j;, j." = j,). can, after evaluation of the
spin traces and j-summations, always be expressed in terms of well known Chapman-Cowling Q-integrals !

defined by
QN —}yy2a [dyexp{— 92} y7+3 [ (1 —cost ) o, sin® di? . (2.26)
L ]

The spherical approximation is not possible for the coupling cross sections. They are at least of order ¢
and essentially determined by the so-called “orientation cross section tensors™ for the I'" rank J-multi-
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polarization *
, :
a 1 /{21;])1! o
(1) — 7 } e i 2 g deds g3 ——
) = - . try try [/l i @t i BN fy o T 2.2
e it v (2fl+l)(212+1) L n 1 -[ Luy l.u] ( 7)
In particular, the molecular orientation cross section tensors for vector- and 2" rank tensor polarizations
are given by

w_7 R o de B de At A A e

ol = — — V3 try try [alie 100 gt B i ] T (2.28)
Ty @QE+D @24+ b '

g(”: ;L 77l 1;' “'1 [r2 [aflf:-fn'f:' (I*jl'j:'-jliem_] 5 (2_29)

“ Sy @i+ D @i+ D) !
e ——
The orientation cross section tensor i) ,, is directly proportional to the multipolarization (/,, ... /1, )}
produced in a molecular collision with unpolarized beams of molecules in the corresponding rotational
states 13, Scalar expressions are used later, e.g. ol)) =o} e, e, .

Likewise, the spherical approximation cannot be applied for relaxation cross sections which involve ex-
pansion tensors solely built up of components of J (J-multipolarizations). In this case the commutator
(2.15) is at least linear in ¢ and thus the cross section Eq. (2.17) is at least of 0(#?). The relaxation
cross sections for the J-multipolarizations are determined by so called molecular “reorientation cross sec-

tions” defined by

1 213 . R PN nd i
‘;' (2] #+ m _( ?‘ _) ) [I', trﬂ []1“1 o ]UH ghindiis [af! jlm s ]lm] =iy ’}'h] . (230)
i/ ;2 2 N

They are a measure for the change of a polarization (reorientation) in the collision if there was already

a polarization present before scattering. Also reorientation cross sections ., occur which differ from
P e — ) | e |
Eq. (2.30) by Js,, ... /s, in the commutator instead of /,,,... /[y, .

Further evaluation of the relaxation cross sections of moments describing molecular velocity-rotational
angular momentum correlations (e.g. the Kagan-vector ') makes the introduction of more general cross
section tensors necessary. An orientation-correlation cross section tensor of rank 2(I—n) is defined by
5L _ @i+t N o

it el Pnspen?] l' (2 j1+1) (2]3+1) y

| ] 1
Adrgtry [a]'h‘h It @t i hie -’lm . e ]Iﬂn]lunn L ]Ml fflq e ]2i¢n ]2:'1-“. e ]211] . (231)

Here, n is the number of contractions over tensor indices. The cross section (2.31) vanishes for a purely

1) —
re¥; ) =]

central interaction. Similarly, generalized reorientation cross section tensors ¢, and ;% occur:
~ (1) (2(+1)!! 1 o
ay. e g == S —

Titindre i,V ntgo.b l' (2]1+1) (2]_’_‘_1] y

| R | 1
HAry tr2 [(17‘73"1' I Jl!ﬂ e ]1,‘,‘ Jl.unﬂ ‘e ]Ml ARIREERIVE ]1.,“ e Jlu,‘ .’1,-,',1. .. .’1,.,] ¥ (2.32}
~ (D
For G5)... surne,..m» one has to replace the tensor [y, ...J,, in (2.32) by Js,, ... Js,,. For a spherical

potential 5% vanishes and
~ 1) 21+1

Ootnun*1---f'1-!'n+1~-“'l = 2([ s H) 4 1 g
where the abbreviation

;‘2 (]1) 60 ’3.'.1.51’ 61‘2}2’ J.E"lr::f-}-.”h"nﬂ---":f ? (2'33)

1

- e 5 U(ro _
g7 (j) = an Y (j+1) ——2—(? , 1)) (2.34)

has been introduced. Equation (2.33) must be observed if the spherical approximation is made for the
relaxation cross sections of velocity-rotational angular momentum correlations.

* In a more concise notation the indices j,, ja,j,’, j,” are omitted in the symbols used for the various molecular cross
sections. The symbol “ ——"" means that the corresponding tensor is irreducible.
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III) Special Effective Cross Sections

In this section, relaxation- and coupling cross
sections of moments relevant for most of the trans-
port-orientation- and relaxation phenomena in a
dilute gas of linear molecules are considered. The
integration over the center-of-mass velocity is per-
formed explicitly, the remaining cross sections are
represented in terms of the bracket symbols (2.11).
Their magnitudes are estimated within the frame-
work of small nonsphericity.

1) Relaxation and Coupling Cross Sections
of Classical Moments

Relaxation- and coupling cross sections of classi-
cal moments (i.e. the pertaining expansion tensors
commute with the scattering amplitude) give the
major contributions to the scalar transport- and
relaxation phenomena. They are essentially deter-
mined by the averaged cross section ¢ given by
Equation (2.20).

First, the scalars

b — /2( m - p2 3)
@ l"3 kT, O ) B

and

(3.2)

O [

Crot

are considered. The rotational heat capacity per
molecule at the equilibrium temperature T has
been denoted by ¢, . The averages of (3.1) and
(3.2) determine the translational and rotational
lemperatures, viz.

(@) =V (T —To) [Ty,
<(Dr“1> = chl/k;i (Trut - To) /Tﬂ .
Instead of the o'%f” we will in the following use the
shorter symhols o* and o*P for relaxation- and

coupling cross sections. The letters A, B are chosen
such that they characterize uniquely the expansion

(3.3)
(3.4)

The ensuing relaxation cross sections are

ottt — LTo[11(4e)2+32 92 8(1 —cos? )11,

and

r7qrut —
Y Crot

b [o[8 (de)2+ 72 (e, —£)2 +7"2(e) — )2 — 277 (&, — &) (&) - £y) cos N1,
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tensors being involved. So, we find from Egs. (2.21)
and (3.1) for the relaxation cross section o' of the
translational temperature

ot =4 [0 (4e)?]. (3:5)

From the conservation of total energy and the On-
sager relation Eq. (1.18) the equality

b _ l/ 3 kp

l‘ 2 Crot

3 kg

Crot

ﬂtr.hﬂ: atl‘ (3.6)
is derived. The relaxation coefficient of the tem-
perature difference @ =T, T, , wg=nyvy0s,
can be obtained from the transport-relaxation equa-

lions as
mg= (1 +3k|{/2 Crtll)("tr' (3-7)

The bulk viscosity 5y is connected with mg by

2 Crot Po

- - 3.8
3 Crot +3 kli/2 Mg ’ ( )

Ny=
where py=ngkyT; is the equilibrium pressure.
Since A vanishes for energetically elastic collisions,
only the inelastic part of o enters in (3.5). After
Eq. (2.24), this part is quadratic in the nonspheri-
city. This explains why for hydrogen molecules
(where the nonsphericity is very small) the tem-
perature relaxation proceeds slowly and the bulk
viscosity is extremely large.

Next, relaxation- and coupling cross sections of
the translational and internal heat fluxes are con-
sidered. The pertaining expansion tensors are

2 / m B ( m 9 5 )
= el . . (3.
I/-:) ‘|f 2 klg TU 2 k“ Tu ‘ 2 i ( 9)

I m
fqrot __ : o 3
@ arot — l;' eonTo (e—(e)g) e,

Their averages are proportional to the respective
heat fluxes, viz.

t
t])“'l t_
and

(3.10)

g =po V5 kg To2m (B,07),  (3.11)
qurM = Pu V&-“;;Tu/; ( (D“qrul) > (3'12)
(3.13)
(3.14)
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where the abbreviations & —¢(j;), & =¢(j,") etc. are used. The spherical approximation applied to the
expressions (3.13) and (3.14) vields with the use of Eqs. (2.24) and (2.26)

o_oqzr = %fj' vo-l _Q[’E.e) ; (3_15)

o0¥t = § 9" 1 QLD | (3.16)

Since 21! determines, on the other hand, the self diffusion coefficient!, Eq. (3.16) can be understood
such that in the spherical approximation (no inelastic collisions!) diffusion of rotational energy takes
place. The coupling cross section of both heat fluxes is, from Eq. (2.21), obtained as

altryqrot _ fj; l/ ‘3 kﬂ [[(I(]F) EI' = l’}"’% gtr.rot (317)

Crot
It is determined solely by the inelastic collisions and can thus be neglected compared with ¢, o' if
the nonsphericity is small. For completeness we recall the expression for the heat conductivity Aw;p (orien-

tation effects being ignored) in terms of the effective cross sections (3.13), (3.14) and (3.17)

ke®Ty | 5

muvy | 2 B

AWUB =

The average of the second rank tensor

1 m

= e
V2 kyT,
gives the friction pressure tensor

Pu=V2 Py (D) . (3.20)
The corresponding relaxation cross section is

o= Mo [+ "+ (1 -3 cos®P) 1], (3.21)

Dy, = ¢ (3.19)

which, in spherical approximation reduces to

06"‘ — %_4: vl]_l 022

(3.22)
The viscosity (for neglected orientation effects) is
connected with the relaxation coefficient @ by

p}:p‘]/(r)’f . {3.23)

From Eqs. (3.5), (3.13) and (3.21) one infers the

equality

2otr=oltr _§on, (3.24)
2) Relaxation Cross Sections of Quantum

Mechanical Moments

While the relaxation coefficients of classical mo-
ments of the distribution function are mainly de-
termined by the spherical part of the interaction
(spherical approximation is possible), the relax-
ation coefficients of pure f-multipolarizations are
essentially determined by the nonspherical part of
the interaction. The most important moments of this
kind are the vector- and 2"! rank tensor polariza-
tions of the rotational angular momenta

(DY) =V3[{)e (L) » (3.25)

ot 4 Cl'.:;“!' Gatr _ ]/ IO_Crut gitr.qrot [_G(;trn—qrut = (nqtr,qrut)‘l] = (318)

B

and

(Dh) =VI15/2(P(P-%)), (1. ]). (3.26)
Using Egs. (2.14) and (2.30) we obtain the effec-
tive relaxation cross sections of vector- and tensor
polarization in terms of molecular reorientation
cross sections as

oY = ;;‘ (12>071 [[rv'“l[“ o= rv“l{.m}] ’ (327)

and

oOT= 3 (P(P=1))y [0 +,0:®@].  (3.28)

The part [,.0,V] of 6V determines the nuclear spin
relaxation times of spin-1/2-nuclei®. The cross sec-
tion 67 is important for the Senftleben-Beenakker
effect of the viscosity 1%, its part [,.0,/" ] for the
nuclear spin relaxation times for molecular gases®
with nuclear spin =1. If (®,) is replaced by

(D ) =VE(P/(P=1))y ™ ((P=2)"11,1,)
(3.29)

the corresponding relaxation cross section 6™ de-
termines the coefficient of flow birefringence* and
the width of the depolarized Rayleigh line ¢ in the
high pressure limit. It shall be mentioned already
here that for a nonspherical interaction of the spe-
cial form (cf. paper II)

V(rs u,, u;’_) = Vn(r) + VL(T)

‘[Pu(uy-T) + (—1)“Pr(uy 7] (3.30)

(7T is the vector connecting the centers of mass
of the molecules, #, and u, are vectors in the di-
rections of the respective molecular axes) with L =1
or 2 in first order DWBA the reorientation cross
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sections ,0,'%, 0, are zero so that in this case
"is already the correct expression used in nuclear
spin relaxation theory. All cross sections mentioned

0

above are at least quadratic in the nonsphericity.
The calculation of relaxation cross sections of
velocity-rotational angular momentum correlations
is somewhat more tedious. We restrict ourselves to
two characteristic moments namely the azimuthal

With the help of Eqs. (2.31),

Waldmann-Snider Collision Integrals and Nonspherical Molecular Interaction

polarization (“Waldmann-vector™)

3 3\ —1Js
(@)= |/ g5 e e

and the Kagan-polarization

sy 1M e \
(@, ).31 TR 1Y (e, 1,1, .

xd).s (3.31)

(2.32) we find the following expressions for their relaxation cross sections:

W=3o"+ § () [27%098%°Gy) +77 " (o —3"(‘05'9902(1'1))]1
+3 () [y2 (o2 — ot — VEold) + 77 [cos P (rery @ 0,2 +ofl3l) — oife 11, (3.33)
and
o¥=3aT+ § (P(P-D ) [Pog() - 3 ’Eé?B gl
LR D) 2o T2 - $1- 252 oD 271 0], (3.34)
In spherical approximation, oV, a' and the second bracket symbols of the r.h.s. of Eqs. (3.33), (3.34)
vanish. Furthermore one has
o0 (s Jar §y Jo') = 090437 04,5, » (3.35a)
uaﬁle' (J1 j'.”jl’ji') — 05;131” Cu en>':902(f1)005 & 0905 053,"s (3.35b)
005 wer (i jasji j2) = oOsiwene, = § g2 (j)cos? 090y, 6,5, . (3.35¢)
Thus from Eqs. (2.26), (3.33) — (3.35¢) the relation
0V = 0% = § 1 QD (3.36)

is inferred.

3) Coupling Cross Sections of Classical and
Quantum Mechanical Moments

Since the coupling of different quantum mechani-
cal moments gives only higher order corrections to
the transport anisotropy effects, it is sufficient that
we restrict ourselves to couplings between classical
and quantum mechanical moments. The ensuing
cross sections are of crucial importance for all di-
rect (e.g. flow birefringence) and indirect (e.g
Senftleben-Beenakker effects) nonequilibrium align-
ment phenomena. They are determined by the mole-
cular orientation cross sections Eq. (2.27) which
vanish unless the potential contains a nonspherical
part. Starting point for the evaluation of such cou-
pling cross sections is Equation (2.18).

Firstly, the coupling between the azimuthal po-
larization and the heat fluxes is considered. After
performance of the V-integration the coupling of
azimuthal polarization and translational heat flux
proves lo be zero

oW atr =0, (3.37)

ghk.atr _ 2
o

independent of the form of the scattering amplitude.
This surprising result has first been obtained by
Hess * for spin particles. On the other hand, the
coupling cross section of azimuthal polarization and
rotational heat flux is nonzero:

oWV 1ot — (2 kyferor (J2)0) ™

[o,sind y " (e,"—¢)],  (3.38)
“’her? "“illin = au{ﬂ nﬂ
and n- (e xe)/sind (3.39)

is a unit vector in the direction of the normal to the
scallering plane. For molecules with small non-
sphericity 0,7 is al least quadratic in the non-
sphericity (cf. Ref. 1" and paper II).

The coupling cross section of the Kagan polariza-
tion and the translational heat flux is given by

VE (2= 1))y L2 o2 Sl

—"'(F /.

(3.40)

For a nonspherical potential of the form Eq. (3.30)
and in first order DWBA one has for elastic colli-
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nonsphericity. For the coupling cross section of the
Kagan polarization with the rotational heat flux one
obtains

sions ol') =0l (cf. Ref.? and paper 1I). The
only contributions to (3.40) thus stem from ener-
getically inelastic collisions and are quadratic in the

N —1/s

(P(P-1) )o) (3.41)

. 15¢ .
gR.arot _ 9 ( 0! [I}’z (51 = FE) “{ei) =7 ?”(51, ~. E:z’) nivf)]I .

ky
For a potential (3.30) with L =2 as it should describe the interaction between homonuclear molecules
(Hy, Dy, N,) in good approximation there are contributions to (3.41) linear in the nonsphericity due to
elastic collisions. In these cases one may neglect the inelastic contributions and finds for the elastic part
13
ky
where the subscript “el” denotes that in the bracket (2.11) j,"=j; and j,"=j, has to be taken. The cross
section Eq. (3.42) has recently been calculated by the author!® for p—H, at room temperature and a

potential of the form (3.30) with simple radial parts ¥ (r) and V,(r).
The coupling cross sections (3.40) and (3.41) determine the saturation value of the change of the heat

(-IOK'["“! ) (

\

(2= 1)), ) 12y — ) (00 — o) I, (3.42)

conductivity in a magnetic field according to (0997 being neglected 3032)

(;4&) -3 (A/H) =— 2 gk-atr /ELM
z sat 2 A sat 10 f2 ok gatr

qtr |2 5 c -1
oK.qrot Crat. 0 2 garot Lrot. gatr
+ K ot < +
kg ohguro ) kg 5

(3.43)

For H,, D, molecules, 6% can be neglected compared with ¢%:97t
The experiments confirm very well the (AiL1/A7") ., = 3/2-relation so that contributions of the azimuthal

polarization to (3.43) proportional to (¢'V:97t)2

Finally, the important coupling cross section of
the friction pressure tensor and the tensor polariza-
tion is obtained as

2V2 p
i;/ e (]2(12_ 3))0—1

s (1 <
5 H;.? 0553 —y 2 05"3‘B . ]/3 gK.atr

T =

(3.44)

This cross section determines the magnitude of the
change of viscosity in a magnetic field (saturation
value) 33 34;

(A'f/']) sat = — (GT’,") 2/0)? al .

The corresponding cross section o7+7 [with @,

(3.45)
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of Eq. (3.29)] is decisive for the magnitude of the
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has
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where @] and a| are the molecular polarizabilities
parallel and perpendicular to the molecular axis.

The calculation of some of these effective cross
sections for linear molecules from a given non-
spherical potential will be the subject of a following
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